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The Universe on comoving scales larger than 100 Mpc/h is assumed to be statistically homoge-
neous, with the transition scale where we have 1% deviation from homogeneity being known as the
homogeneity scale RH . The latter was recently proposed in Ntelis et al. (2018) [arXiv:1810.09362] to
be a standard ruler. In this paper we perform a comparison between the baryon acoustic oscillations
and the homogeneity scales RH , assuming a spatially flat universe, linear cosmological perturbation
theory and the cosmological constant cold dark matter ΛCDM model. By direct theoretical calcu-
lations, we demonstrate that the answer to the question of whether the homogeneity scale can be
used as a standard ruler, is clearly negative due to the non-monotonicity of the homogeneity scale
RH with the matter density parameter Ωm0 of the ΛCDM model. Furthermore, we also consider the
effect of redshift space distortions and we find that they do not break the degeneracies but instead
only change the value of RH by a few percent. Finally, we also confirm our findings with the help
of an N-Body simulation.
I. INTRODUCTION
One of the main pillars of modern relativistic cosmol-
ogy is the cosmological principle, that is the assumption
that the Universe is homogeneous and isotropic on large
(cosmological) scales, usually taken be on the order of
∼ 100 Mpc/h [1]. On smaller scales we observe struc-
tures that are formed as a result of gravitational collapse,
which are in good agreement with the predictions of the
cosmological constant and cold dark matter model known
as ΛCDM [2]. Furthermore, the ΛCDM model passes
many of the standard cosmological tests and is currently
favored by most of the recent cosmological observations
such as Planck [2], but it also faces some challenges that
could be resolved in the near future with data coming
from current and upcoming surveys [3–9].
The assumption of statistical homogeneity has already
been tested in the past by several surveys like WiggleZ
[10], BOSS CMASS [11] where it was found that indeed
the Universe at scales of roughly ∼ 100 Mpc/h it starts
to become homogenous and is indeed in agreement with
the cosmological principle, see also [12, 13] for measur-
ing the transition to statistical homogeneity with photo-
metric redshift surveys. Furthermore, an analysis of the
SDSS galaxy sample it was also found in Ref. [14] that
statistical homogeneity occurs at roughly ∼ 100 Mpc/h,
but large-scale fluctuations in the luminous red galaxies
can be found on scales as large as ∼ 500 Mpc/h [15].
Recently, the effects of inhomogeneities on the baryon
acoustic oscillations (BAO) standard ruler, with offsets
. 100 Mpc/h were also detected, something which could
provide another test for the ΛCDM model [16]. Also, a
big structure of size ∼ 500Mpc has been detected in the
SDSS catalog [17], which the authors suggest is in con-
tradiction to homogeneity on lower scales, while Ref. [18]
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argues that the structure is compatible with statistical
homogeneity.
Usually the way the scale of statistical homogeneity is
estimated is via the normalized count-in-spheres method,
defined as the number N(< r) of objects in a galaxy
catalog inside a spherical shell of radius r, compared to
the number of objects Nrandom(< r) in a similar shell of
a mock uniformly random catalog, or equivalently
N (< r) = N(< r)
Nrandom(< r)
, (1)
where the term in the denominator is used to account
for geometric effects. Assuming a spatially flat universe,
then in a properly made and homogeneous mock catalog
the number of objects will scale as Nrandom(< r) ∝ r3,
while in general the number of objects in the real catalog
will be scale as N(< r) ∝ rD2 , where D2 is the fractal
index, which for a purely homogeneous catalog takes the
value D2 = 3 or asymptotes to that value at large scales
for a real catalog. Clearly, the counts in spheres do not
follow these analytical relations in individual regions on
those scales; they only tend to follow them when averaged
over what is for simplicity assumed to be a statistical
ensemble of realizations of a region on the relevant scale.
The fractal index D2 can be calculated via the loga-
rithmic derivative of the count-in-spheres number, given
by Eq.(1):
D2(r) = 3 + d lnN (< r)
d ln r
. (2)
The fractal index has already been constrained by the
WiggleZ collaboration to be within 1% of D2 = 3 at
distances larger than 71 ± 8 Mpc/h [10]. From Eq. (2)
we can also define the homogeneity scale as the scale RH
at which the Universe deviates at 1% from homogeneity,
i.e.
D2(RH) = 2.97 . (3)
Recently, Ref. [19] introduced the idea that the homo-
geneity scale RH , defined via Eq. (3) could be used as
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2a standard ruler similar to that of the BAO, something
which in principle is an attractive idea given that RH can
be easily determined from galaxy catalogs. In the next
sections we will expand on this idea, with several analytic
calculations for the case of a spatially flat ΛCDM model.
We will then demonstrate that RH suffers from degenera-
cies due to the fact that RH is not a one-to-one function
of the matter density parameter Ωm0, something that
potentially limits its applicability in realistic analyses.
The layout of our paper is as follows: In Sec. II we
present the theoretical framework and the numerical re-
sults of our analysis of the homogeneity scale, then in
Sec. III we present a comparison of our method and re-
sults from a single N-body cosmological simulation and
finally in Sec. IV we summarize our analysis and present
our conclusions.
II. THEORETICAL FRAMEWORK AND
NUMERICAL RESULTS
In this section we briefly describe our theoretical
framework, assuming everywhere a spatially flat ΛCDM
model, i.e. ΩK0 = 0. In order to estimate the homogene-
ity of a galaxy catalog we implement the fractal dimen-
sion D2(r) given by [19]:
D2(r) = 3 + d ln
d ln r
[
1 +
3
r3
∫ r
0
ξ(x)x2dx
]
, (4)
where ξ(r) is the two point galaxy correlation function
and this formula is only valid for a flat universe, which
however is not mentioned in [19]. Clearly, since the cor-
relation function can also be written via the number of
objects in shells of radius r via the counts-in-spheres
method, both Eqs. (2) and (4) are totally equivalent.
Then, using linear theory and ignoring redshift-space dis-
tortions (RSDs) for now, the correlation function ξ(r), in
a spatially flat and simply-connected space, can be writ-
ten as
ξ(r) =
1
2pi2
∫ ∞
0
j0(kr)k
2P (k)dk, (5)
where P (k) is the matter power spectrum and the spheri-
cal Bessel function j0(x) is given by j0(x) =
sin(x)
x . Since
we are interested only in large scales, for now we only
consider the linear part of the spectrum.
Using Eq. (5) in (4) we find that we can rewrite the
fractal dimension D2(r) as
D2(r) = 3 + d ln
d ln r
[
1 +
3
r
∫ ∞
0
1
2pi2
j1(kr)kP (k)dk
]
, (6)
where the spherical Bessel function j1(x) is given by
j1(x) =
sin(x)−x cos(x)
x2 .
With the above theoretical framework, we can now
calculate the theoretical predictions of the homogene-
ity and BAO scales. The former can be calculated di-
rectly via Eqs. (3) and (6). On the other hand, we
can extract the BAO scale from the galaxy correlation
function directly by interpolating ξ(r) and then find-
ing the local maximum at r > 80Mpc/h. Unless spec-
ified otherwise, we have used a cosmology correspond-
ing to the best-fit Planck 18 flat ΛCDM model given
by Ωb0 = 0.0482205, Ωc0 = 0.2628795, Ωm0 = 0.3111,
ΩΛ0 = 1 − Ωm0 = 0.6889, ΩK0 = 0 and h = 0.6766 [2].
For the theoretical prediction of the matter power spec-
trum P (k) we use the CAMB code by A. Lewis et al.
[20].
The reconstruction of both quantities the BAO and
the homogeneity scales can be seen in Figs. 1 and 2 re-
spectively1. Specifically, in Fig. 1 we show the galaxy
correlation function ξ(r) (left) for Ωm0 ∈ [0.21, 0.41] and
the BAO scale RBAO (right) as a function of the present
day matter density Ωm0. As can be seen, the BAO scale
is a monotonically decreasing function for all values of
Ωm0 in that range. On the other hand, in Fig. 2 we show
the fractal dimension D2(r) (left) and the homogeneity
scale RH (right) as a function of the present day matter
density Ωm0. The dashed line corresponds to 1% devi-
ation from homogeneity. Clearly, the homogeneity scale
RH , is not a one-to-one function for values of Ωm0 in that
range.
The astute reader will notice an important difference
in the behavior of the homogeneity scale RH and the
BAO scale RBAO as given in the right panels of Figs. 1
and 2. While the BAO scale RBAO is monotonic and
shows significant change, roughly ∼ 20% for reasonable
values of Ωm0, on the contrary the homogeneity scale
RH is not one-to-one and shows only small deviations,
roughly ∼ 4% for reasonable values of Ωm0, thus it is
rather insensitive to the value of Ωm0.
Moreover, we find that for the choice of the cosmology
we assumed, RH has a maximum at Ωm0 ∼ 0.34 thus
complicating the extraction of information even further.
This means that even if one was able to extract RH from
a catalog (real or mock), then this value of RH would
correspond to more than one value of Ωm0 thus inducing
spurious degeneracies.
Other cosmological parameters such as (h,w,ΩΛ0)
could also be considered. However, in a flat universe
clearly we have ΩΛ0 = 1 − Ωm0, so the issue of the de-
generacy and not being one-to-one function remains for
the dark energy density. For the Hubble parameter h, we
expect it to just rescale the distances, while the equation
of state w(z) will behave similarly, albeit more weakly.
We now include RSDs and repeat our previous calcu-
lations following the analysis of Refs. [21, 22]. At large
scales the main effect will be described by the Kaiser for-
mula [23] that relates the power spectrum between real
and redshift space:
P s(k) = (1 + βµ2k)
2P (k), (7)
1 We note that the results shown here for the homogeneity scale
remain the same if one considers the combination RH/DV .
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FIG. 1: The galaxy correlation function ξ(r) (left) for Ωm0 ∈ [0.21, 0.41] and the BAO scale RBAO (right) as a function of the
present day matter density Ωm0. As can be seen, the BAO scale is a monotonically decreasing function for all values of Ωm0
in that range. The cosmology used is described in the text.
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FIG. 2: The fractal dimension D2(r) (left) and the homogeneity scale RH (right) as a function of the present day matter density
Ωm0. The dashed line corresponds to 1% deviation from homogeneity. Clearly, the homogeneity scale RH , either with RSDs
or not, is not a one-to-one function for values of Ωm0 in that range. The cosmology used is described in the text.
where µk ≡ zˆ · kˆ is the cosine of the angle between the
wavenumber ~k and the line of sight zˆ, while β = f(a)/b
where f(a) = d ln δd ln a is the linear growth and b is the mean
bias of the sample. Then, the power spectrum can be
written in terms of Legendre polynomials as
P s(k) = L0(µk)P s0 (k) + L2(µk)P s2 (k) + L4(µk)P s4 (k),
(8)
where L`(µk) are the usual Legendre polynomials and the
multipoles of the linear power spectrum are given by:
P s0 (k) =
(
1 +
2
3
β +
1
5
β2
)
b2P (k), (9)
P s2 (k) =
(
4
3
β +
4
7
β2
)
b2P (k), (10)
P s4 (k) =
8
35
β2b2P (k). (11)
The multipoles of the correlation function will then be
given by [21]:
ξs` =
i`
2pi2
∫ ∞
0
j`(kr)k
2P s` (k)dk, (12)
where for ` = 0, 2, 4 we have the monopole, quadrupole
and hexadecapole respectively. With these in mind, we
then find that the effect of the RSDs on the monopole of
the correlation function is given by
ξs0 =
1
2pi2
∫ ∞
0
j0(kr)k
2
(
1 +
2
3
β +
1
5
β2
)
b2P (k)dk
=
1
2pi2
RSD(β, b)
∫ ∞
0
j0(kr)k
2P (k)dk, (13)
where RSD(β) =
(
1 + 23β +
1
5β
2
)
b2, with β = f/b and
in order to keep the analysis simple we have assumed
the bias does not depend on the scale k and in any case,
scale dependent bias would only affect the results in small
scales.
4FIG. 3: The particle number counts (DD) of the simulation
as a function of the radius of the spherical shell up to rmax =
128 Mpc/h and the expected random number counts (RR)
(inset), averaged over 1024 randomly distributed centers of
the shells, fully contained within the simulation box, in 64
evenly distributed bins of width ∆r = 2 Mpc/h. The upper
and lower black lines correspond to the 1σ confidence bands.
Using Eq. (13) in (4) we find that in the presence of
RSDs the fractal dimension D2(r) can be written as
D2(r) = 3
+
d ln
d ln r
[
1 +
3
r
RSD(β, b)
∫ ∞
0
1
2pi2
j1(kr)kP (k)dk
]
,
(14)
where the main difference with Eq. (6) is the presence of
the RSD term.
Using Eqs. (13) and (14) we consider the effects of
RSDs on the homogeneity scale by assuming a redshift
dependent bias of the form b =
√
1 + z. In Fig. 2 (right)
we show the homogeneity scale RH without (solid black
line) and with (dashed line) RSDs. As can be seen, the
general behavior is still the same, except that the homo-
geneity scale is shifted by roughly 10 Mpc/h.
III. COMPARISON WITH THE N-BODY
SIMULATION
In this section, we will now compute the fractal dimen-
sion D2(r) from a single N-Body simulation and compare
with our theoretical expectations.
Our N-Body simulation was performed with the widely
used code Gadget-2 (GPL licensed) [24]2. The simula-
tions start at an initial redshift of zini = 64 evolving until
today at a redshift of zend = 0. It is at this last redshift
2 The Gadget-2 code can be downloaded from here https://
wwwmpa.mpa-garching.mpg.de/gadget/
bin at which the fractal dimension of the dataset is calcu-
lated. The simulation hasNP = 2×5123 particles divided
evenly in Nb = Nc = 512
3, NP = 2 × 5123 = Nb + Nc
baryonic and cold dark matter species. The simulation
box is of size LB = 2048 Mpc/h and the cosmology cor-
responds to the flat universe of Planck 2018 best-fit [2]:
(Ωb0,Ωc0,ΩΛ0) = (0.0482205, 0.2628795, 0.6889). The
Hubble parameter at present is set to h ≡ H0100km/s/Mpc =
0.6766.
The initial conditions (ICs) for the simulation were
generated with the GPL licensed code N-GenIC 3, with
a primordial power spectrum calculated with the Eisen-
stein and Hu parametrization of Ref. [25], with param-
eters ns = 0.9665 and normalization σ8 = 0.811. Note
that the N-body simulation does not contain RSDs, as
this is an observer effect only. In order to include those,
one would have to displace all particles with a factor
of ∆~x = ~x|~x|
1+z
H(z)vr, where vr is the radial velocity, see
Ref. [10] for more details.
In Fig. 3 we show the particle number counts (NDD)
histogram of the simulation as a function of the ra-
dius of the spherical shell up to a maximum distance
of rmax = 128 Mpc/h, as well as the expected ran-
dom number counts (NRR) histogram for all of the re-
alizations, and their confidence bands. This we use to
compute the correlation function ξ(r) directly from the
simulation by means of the natural estimator: ξ(r) =
NDD(r + ∆r)/NRR(r + ∆r) − 1, where ∆r is the bin
width.
Finally, in Fig. 4 we show the galaxy correlation func-
tion ξ(r) (left) and the fractal dimension D2(r) (right)
obtained from our N-Body simulation. The vertical dot-
ted line in the right panel corresponds to the homogeneity
scale RH , while the horizontal dashed line indicates 1%
deviation from homogeneity or D2 = 2.97. Clearly, the
result is in good agreement with the theoretical predic-
tions from the previous section.
The gray-shaded areas in Fig. 4 correspond to the
1σ errors that were obtained by considering all different
spheres of size R = 200Mpc/h inside our simulation box,
which is of size LB = 2048 Mpc/h and contains approxi-
mately
(
LB
2R
)3 ∼ 130 spheres in a regular lattice packing.
Our errors are much larger than those of Ref. [10] mainly
due to the smaller number of sphere centers within the
simulation box we considered and also the rather low res-
olution, and the use of the natural estimator which has
by default larger errors, both due to computational con-
straints.
3 The N-GenIC code can be downloaded from here https://
wwwmpa.mpa-garching.mpg.de/gadget/n-genic.tar.gz
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FIG. 4: The galaxy correlation function ξ(r) (left) and the fractal dimension D2(r) (right) obtained from the N-Body simulation
as described in the text. The vertical dotted line in the right panel corresponds to the homogeneity scale RH , which we find
to be RH ∼ 75Mpc/h. The horizontal dashed line indicates 1% deviation from homogeneity or D2 = 2.97. In both panels, the
upper and lower thin black lines correspond to the 1σ confidence bands: for the correlation function we used linear interpolation
between bins, while for the fractal dimension we used a fit of the form D2(r) = a0 + a1rn + a2r2n.
IV. CONCLUSIONS
In this paper we performed a comparison of the BAO
and homogeneity scales in order to assess the suitabil-
ity of the latter as a standard ruler, as was proposed in
Ref. [19].
We found that while the BAO scale is monotonic and
depends strongly on the matter density parameter Ωm0,
changing roughly by ∼ 20% for reasonable values of Ωm0,
the homogeneity scale not only is not one-to-one, but it
is also rather insensitive to the value of Ωm0, changing
only by ∼ 4% in that range of values. Furthermore, the
homogeneity scale RH has a maximum at Ωm0 ∼ 0.34,
which means that even if one was able to extract RH
from a catalog (real or mock), then this value of RH
would correspond to more than one value of Ωm0 thus
inducing spurious degeneracies.
Moreover, we found similar results when including the
redshift space distortions. Specifically, the general behav-
ior for the homogeneity scale is still the same, except that
now it is shifted by roughly 10 Mpc/h and the maximum
in terms of the matter density happens at Ωm0 ∼ 0.28.
Clearly, in either case, with or without RSDs, the main
conclusions of our analysis are the same.
Finally, in order to validate our theoretical predictions,
we also compared our results with those obtained from
an N-body simulation. We found that the prediction for
the homogeneity scale from the N-body simulation was
RH ∼ 75Mpc/h, which is compatible with the theoretical
predictions from the previous section, as seen in Fig. 4.
To summarize, we find that the homogeneity scale RH
does not have the desired properties to be a useful cosmo-
logical probe: being an one-to-one function with respect
to the cosmological parameters of interest and having a
strong dependence on cosmology, both attributes simi-
lar to those of the BAO scale. Given that Ref. [19] as-
sumed the general case of a non-flat Universe, then our
results are complementary to their finding. However, in
our more restricted cosmology of a flat ΛCDM Planck
2018 best-fit cosmology, we conclude that RH cannot be
considered a suitable standard ruler.
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